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Consider the first-order Riccati equation on R:

dx

dt
= a0(t) + a1(t)x+ a2(t)x

2, aα ∈ C∞(R).

• There is no general method for obtaining its general solution!

• Lie, Vessiot and Guldberg (among others) noticed that the general
solution x(t) can be expressed as

x(t) =
x(1)(t)(x(3)(t)− x(2)(t)) + kx(2)(t)(x(1)(t)− x(3)(t))

x(3)(t)− x(2)(t) + k(x(1)(t)− x(3)(t))

with x(i)(t) a particular solution and k ∈ R ∪ {∞}.
Such expression is known as a superposition rule.
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Consider a first-order system of ODEs on a manifold M in normal form:

dxi

dt
= ψi(t, x), x ∈M, 1 ≤ i ≤ n := dimM.

Its solutions are the integral curves of the t-dependent vector field

X : R×M → TM

locally given by X(t, x) = ψi(t, x) ∂
∂xi .

X⇝ {Xt}t∈R ⊂ X(M) such that Xt(x) := X(t, x).

{
1st order ODEs systems

in normal form

} {
t-dependent
vector fields

}
1−1
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A superposition rule for X is a t-independent map

Ψ :M s ×M →M

such that the general solution x(t) of X can be expressed as

x(t) = Ψ(x(1)(t), . . . ,x(s)(t); k),

where x(1)(t), . . . ,x(s)(t) is a generic family of particular solutions and
k ∈M is a point related to the initial conditions.

Definition (Lie system)

X is a Lie system if it admits a (local) superposition rule.
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Theorem (Lie–Scheffers)

X is a Lie system if and only if it admits the decomposition

X(t,x) =

r∑
α=1

bα(t)Xα

for some functions b1, . . . , br ∈ C∞(R) and vector fields X1, . . . ,Xr on M
spanning an r-dimensional real Lie algebra V X .

V X is usually called a Vessiot–Guldberg (VG) Lie algebra.
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dx

dt
= a0(t) + a1(t)x+ a2(t)x

2 ⇝ X = a0(t)X1 + a1(t)X2 + a2(t)X3

where the vector fields

X1 =
∂

∂x
, X2 = x

∂

∂x
, X3 = x2

∂

∂x

have commutation rules

[X1,X2] = X1, [X1,X3] = 2X2, [X2,X3] = X3,

and therefore span a VG Lie algebra V X ≃ sl(2,R).
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Compatible geometric structures

(M,ω) (M,η)

dimM = 2n, dω = 0, ωn ̸= 0 dimM = 2n+ 1, η ∧ (dη)n ̸= 0
ιRη = 1, ιRdη = 0

ιXf
ω = df ιXf

η = −f , ιXf
dη = df − (Rf)η

{f, g}ω = ω(Xf ,Xg) {f, g}η = Xfg + gRf

Definition

• A Lie system X on (M,ω) is a Lie–Hamilton system if V X is formed
by Hamiltonian vector fields relative to ω.

• A Lie system X on (M,η) is a contact Lie system if V X is formed by
contact Hamiltonian vector fields relative to η. If R is a Lie symmetry
of V X , then X is called a contact Lie system of Liouville type.
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Compatible geometric structures

The integral curves of X are the solutions of the Hamilton equations of a
t-dependent Hamiltonian

h : R×M → R, h(t, x) := ht(x),

with Xt the Hamiltonian vector field of ht.

Definition (Lie–Hamilton algebra of X)

• Hω := Lie({ht}t∈R , {·, ·}ω).
• Hη := Lie({ht}t∈R , {·, ·}η).

J. de Lucas and C. Sardón.
A Guide to Lie Systems with Compatible Geometric Structures.
(Singapore: World Scientific) 2020.
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• SOκ1,κ2,κ3(4) the Lie group of isometries of

Iκ := diag(1, κ1, κ1κ2, κ1κ2κ3) on R4, with κi ∈ {0,±1} .

• H0 the isotropy subgroup of the point O := (1, 0, 0, 0).

Definition (3D Cayley–Klein space)

S3[κ1],κ2,κ3
:= SOκ1,κ2,κ3(4)/H0.

• gκ the projection of metric on SOκ1,κ2,κ3(4) obtained by right
translation of Iκ.

κ1 is a (sectional) curvature and κ2, κ3 determine the signature through
diag(1, κ2, κ2κ3).
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• S3[κ1],κ2,κ3
is diffeomorphic to the connected component of{

(x0)2 + κ1(x
1)2 + κ1κ2(x

2)2 + κ1κ2κ3(x
3)2 = 1

}
= I−1

κ (1)

containing O = (1, 0, 0, 0).

• Exact symplectic manifold
(R4

0 := R4 − {0} , ω = dx0 ∧ dx1 + dx2 ∧ dx3) and Liouville vector
field

∆ :=
1

2

(
x0

∂

∂x0
+ x1

∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3

)
⇝ ω = dι∆ω.

• ∆ is transversal to i : S3[κ1],κ2,κ3
↪→ R4

0, so

ηκ := i∗ι∆ω

is a contact form on S3[κ1],κ2,κ3
.
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Theorem

There exists an invariant SOκ1,κ2,κ3(4)-connection ∇ on S3[κ1],κ2,κ3
such

that ∇RκRκ = 0.

The integral curves of Rκ define a codimension one foliation Fκ of
S3[κ1],κ2,κ3

by geodesics.
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Theorem

The foliation Fκ on S3[κ1],κ2,+
is regular when (κ1, κ2) ̸= (−1,−1),

inducing an S1[κ1]
-principal bundle S3[κ1],κ2,κ3

→ S3[κ1],κ2,κ3
/Rκ.

From this one recovers the Hopf fibrations

S3 → S2, AdS2+1 → CH1.
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• The Hamiltonian functions hα ∈ C∞(R4
0) given by

h1 = x0x1, h2 = x0x3, h3 = x1x2, h4 = x2x3, h5 =
1

2
(x0)2,

h6 = x0x2, h7 =
1

2
(x2)2, h8 =

1

2
(x1)2, h9 = x1x3, h10 =

1

2
(x3)2,

span a Lie–Hamilton algebra Hω ≃ sp(4,R) with respect to {·, ·}ω.
• Lie–Hamilton system on (R4

0, ω) with t-dependent Hamiltonian
h :=

∑10
α=1 bα(t)hα.

• The contact Hamiltonian functions hκ,α := i∗hα ∈ C∞(S3[κ1],κ2,κ3
)

span a Lie–Hamilton algebra Hηκ ≃ sp(4,R) with respect to {·, ·}ηκ .
• Contact Lie system on (S3[κ1],κ2,κ3

, ηκ) associated to

hκ =
∑10

α=1 bα(t)hκ,α.
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• S3 = S3[+],+,+ and AdS2+1 = S3[+],−,+ are Sasakian manifolds. This is,

ω = d
(
s2ηκ

)
, ds⊗ ds+ s2gκ

define Kähler structures on the cones S3 × R+ and AdS2+1 × R+.

Proposition

Let (M,η, g) be a Sasakian manifold and K a Killing vector field. Then,
ιKη is a first integral of R.

From this one can obtain contact Lie systems of Liouville type on S3 and
AdS2+1.
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Proposition

The contact Lie systems of Liouville type contained within the
sp(4,R)-contact Lie system hκ on S3 and AdS2+1 produce, through the
Hopf fibrations S3 → S2 and AdS2+1 → CH1, the so(3) and I4 ≃ sl(2,R)
Lie–Hamilton classes on S2 and CH1, respectively.
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• Deformations of so(3, 1)-contact Lie systems on S3[κ1],κ2,κ3
from the
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