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Consider the first-order Riccati equation on R:

dx

5 =00 tab)r+a)?, e C*R).
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Consider the first-order Riccati equation on R:

dz
5~ @) +at)r+ as(t)x?,  an € C®(R).
® There is no general method for obtaining its general solution!

® Lie, Vessiot and Guldberg (among others) noticed that the general
solution x(t) can be expressed as

)y (0)(23)(t) — 22) (1)) + kr(9) (1) (2(1) () — 2(3)(2))

2(t) = 2(3)(t) — 2(2) () + k(z)(t) — 233)(1))

with z(;)(t) a particular solution and k£ € R U {oc}.

Such expression is known as a superposition rule.
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Consider a first-order system of ODEs on a manifold M in normal form:

dz’

i =it x), x e M, 1<i<n:=dimM.

Oscar Carballal (UCM) Contact Lie systems on 3D curved spaces RSME VIl Young Researchers 5 /26



Lie systems ontact Lie systems on 3D CK s

es ) S Conclusions and open problems
000000 00

Consider a first-order system of ODEs on a manifold M in normal form:

i ='(t, ), reM, 1<i<n:=dmM.

Its solutions are the integral curves of the ¢-dependent vector field
X:RxM—->TM

locally given by X(t,z) = wi(t,ar)%.
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Consider a first-order system of ODEs on a manifold M in normal form:

i = YP'(t, x), reM, 1<i<n:=dmM.

Its solutions are the integral curves of the ¢-dependent vector field
X:RxM-—-TM
locally given by X(t,z) = W(t,a?)%.

X~ {X}er € X(M) such that Xy (z) := X(t, z).
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Consider a first-order system of ODEs on a manifold M in normal form:

i = YP'(t, x), reM, 1<i<n:=dmM.

Its solutions are the integral curves of the ¢-dependent vector field
X:RxM-—-TM
locally given by X(t,z) = W(t,a?)%.

X~ {X}er € X(M) such that Xy (z) := X(t, z).

1st order ODEs systems 1-1 t-dependent
. — .
in normal form vector fields
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A superposition rule for X is a t-independent map
U:M*xM—M
such that the general solution x(¢) of X can be expressed as
x(t) = Wlxy 1), - X0 (1): ),

where x(1)(t), ..., X(s)(t) is a generic family of particular solutions and
k € M is a point related to the initial conditions.
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000800

A superposition rule for X is a t-independent map
U:M*xM—M
such that the general solution x(¢) of X can be expressed as
(1) = W) 1) . 300 (1): ).

where x(1)(t), ..., X(s)(t) is a generic family of particular solutions and
k € M is a point related to the initial conditions.

Definition (Lie system)

X is a Lie system if it admits a (local) superposition rule.
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Conclusions and open problems

Theorem (Lie—Scheffers)

X is a Lie system if and only if it admits the decomposition

X(t,x) = i: b (1) X
a=1

for some functions by, ...,b, € C*°(R) and vector fields X1, ...,X, on M
spanning an r-dimensional real Lie algebra V.
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Theorem (Lie—Scheffers)

X is a Lie system if and only if it admits the decomposition

X(t,x) = i: b (1) X
a=1

for some functions by, ...,b, € C*°(R) and vector fields X1, ...,X, on M
spanning an r-dimensional real Lie algebra V.

VX is usually called a Vessiot—Guldberg (VG) Lie algebra.
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dx

5 =) +a)s+ ag(t)a? ~» X = ao(t)X1 + a1 (£)Xs + az(t) X3
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dx

5 =) +a)s+ ag(t)a? ~» X = ao(t)X1 + a1 (£)Xs + az(t) X3
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dx

5 =) +a)s+ ag(t)a? ~» X = ao(t)X1 + a1 (£)Xs + az(t) X3

where the vector fields
0 0
X1 = — XQZIL’—, X3:$2—
ox
have commutation rules
(X1, Xo] = X1, [X1,X3] =2Xo, [X2,X3]=1X3,

and therefore span a VG Lie algebra VX ~ 5[(2, R).
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Compatible geometric structures

(M, w) | (M, n)
dmM =2n,dw=0,0"#0| dmM=2n+1,nA(dn)" #0
trn =1, trdn =10
ix,w =df wx,n=—f ix,dp=df — (Rf)n
{f, 9}, = w(Xy, Xy) {f.9}, =Xpg+gRf
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Compatible geometric structures

(M, w) | (M, n)
dmM =2n,dw=0,0"#0| dmM=2n+1,nA(dn)" #0
trn =1, trdn =10
ix,w =df wx,n=—f, wx,dp=df — (Rf)n
{f, 9}, = w(Xy, Xy) {f.9}, =Xpg+gRf

Definition

e A Lie system X on (M,w) is a Lie-Hamilton system if VX is formed
by Hamiltonian vector fields relative to w.
e A Lie system X on (M,n) is a contact Lie system if VX is formed by

contact Hamiltonian vector fields relative to 7. If R is a Lie symmetry
of VX, then X is called a contact Lie system of Liouville type.

v
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Compatible geometric structures

The integral curves of X are the solutions of the Hamilton equations of a
t-dependent Hamiltonian

h:Rx M —R, h(t,z) := h(z),

with X; the Hamiltonian vector field of h;.
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Compatible geometric structures

The integral curves of X are the solutions of the Hamilton equations of a
t-dependent Hamiltonian

h:Rx M —R, h(t,z) := h(z),

with X; the Hamiltonian vector field of h;.

Definition (Lie-Hamilton algebra of X)

e M, = Lie({he} g £},
o My i=Lie({hu}ep. ().

>
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Compatible geometric structures

The integral curves of X are the solutions of the Hamilton equations of a
t-dependent Hamiltonian

h:Rx M —R, h(t,z) := h(z),

with X; the Hamiltonian vector field of h;.

Definition (Lie-Hamilton algebra of X)
o Hy = Lie({ht}ep > {--}o)-
o Hy = Lie({ht}ier > {-},)-

¥ J. de Lucas and C. Sardén.
A Guide to Lie Systems with Compatible Geometric Structures.
(Singapore: World Scientific) 2020.
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® SOy, ko.xs5(4) the Lie group of isometries of

I := diag(1, k1, k1Ko, K1Kok3) on RY with k; € {0, £1}.

J
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® SOy, ko.xs5(4) the Lie group of isometries of

I := diag(1, k1, k1Ko, K1Kok3) on RY with k; € {0, £1}.

e Hj the isotropy subgroup of the point O := (1,0,0,0).
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® SOy, ko.xs5(4) the Lie group of isometries of

I := diag(1, k1, k1Ko, K1Kok3) on RY with k; € {0, £1}.

e Hj the isotropy subgroup of the point O := (1,0,0,0).

Definition (3D Cayley—Klein space)

S := S04, npns(4)/Ho.

[w1],k2,K53
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I := diag(1, k1, k1Ko, K1Kok3) on RY with k; € {0, £1}.

e Hj the isotropy subgroup of the point O := (1,0,0,0).

Definition (3D Cayley—Klein space)

S := S04, npns(4)/Ho.

[w1],k2,K53

e g, the projection of metric on SOy, ., x,(4) obtained by right
translation of I,.
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® SOy, ko.xs5(4) the Lie group of isometries of

I := diag(1, k1, k1Ko, K1Kok3) on RY with k; € {0, £1}.

e Hj the isotropy subgroup of the point O := (1,0,0,0).

Definition (3D Cayley—Klein space)

S := S04, npns(4)/Ho.

[w1],k2,K53

e g, the projection of metric on SOy, ., x,(4) obtained by right
translation of I,.

k1 is a (sectional) curvature and kg, k3 determine the signature through
dla'g(la K2, 5253)' J
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KINEMATICAL SPACES Sf’ﬁ ] a la Bacry € Lévy-Leblond

1),k2,+
S? ‘(+,+,+) O+ E3 (—+ -+ H3
SO(4) 1SO(3) S0(3,1)
NHZY (+,0,4) ©0,0,4) | G2+1 (—,0,+) | NHZ
T4(SO(2) 4S0(2)) 11S0(2) T4 (SO(2)|x SO(1,1))
AdS*HY (+,-,4) 0, +) ‘M2+1 (- -+ dS*H!
S0(2,2) ISO(2,1) S0(3,1)
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o S3

[k1],k2,K3

{(:UO)2 + /4;1(:51)2 + ﬂ1ﬂ2($2)2 + Klliglig(ﬂl3)2 = 1} = ]1;1(1)

is diffeomorphic to the connected component of

containing O = (1,0,0,0).
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o S§3

(o] 2,5 is diffeomorphic to the connected component of

{(:UO)2 + /4;1(551)2 + K,lli',g(IQ)2 + m1m2ﬂ3($3)2 = 1} = ]1;1(1)

containing O = (1,0,0,0).
e Exact symplectic manifold

(R :=R* — {0} ,w = dz® A da! + dz? A dz®) and Liouville vector
field

A= ( Oaao—i-:cl%—i-x ai—i-:c 883) v w = diaw.
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o S§3

(o] 2,5 is diffeomorphic to the connected component of

{(:UO)2 + /4;1(551)2 + K,lli',g(IQ)2 + m1m2ﬂ3($3)2 = 1} = ]1;1(1)

containing O = (1,0,0,0).

e Exact symplectic manifold
(R :=R* — {0} ,w = dz® A da! + dz? A dz®) and Liouville vector
field

A= (0 0 —i—:cli—i-xi—l-

0
970 9l 92 :cag ~w=diaw.

e A is transversal to i : S? — R4 so

[k1],k2,K3
Nk = 1 LAW

is a contact form on S[m] .
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There exists an invariant SOy, x, x5 (4)-connection V on S:[”m]mﬂ(v3 such
that Vg, Ry = 0.
Sty = 1(@%) + ki(2')? = 1,2° > 0}
st =50(2) si =1S0(1) SL =S0*(1,1)
2! 2zt 2!
N\
isomorphic

20 20 20

(1,0 (1,0) (1,0)
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There exists an invariant SOy, x, x5 (4)-connection V on S[m] rg.s SUCH
that Vg, R, = 0.

The integral curves of R, define a codimension one foliation F, of

S?m],nz,ns by geodesics.
= {(=°) + r1(2z')?* = 1,2° > 0}
S =S0(2) =1S0(1) SL =807(1,1)
! at z!
Y
isomorphic
20 20 20
(1,0) (1,0) (L.0)
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The foliation F,, on Sf’m x4 IS regular when (k1,K2) # (—1,-1),
inducing an S[lm]-principa/ bundle Sf’m] ros Sf’m] sl Tk

Oscar Carballal (UCM) Contact Lie systems on 3D curved spaces RSME VIl Young Researchers 16 /26



3D CK spaces < e ems on 3D C Conclusions and open problems

00000e

The foliation F,, on Sf’m x4 IS regular when (k1,K2) # (—1,-1),
inducing an S[lm]-principa/ bundle Sﬁﬂ] ros Sf’m] sl Tk

From this one recovers the Hopf fibrations

S? — 82, AdS*T! — CH!.
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1
hy = 2%, hy = 2%2°, hs =zt hy = 2%2%,  hy = 5(1‘0)2,
0.2 L/ 2ye Lo1y2 1.3 L, 32
he = z"z*, h7:§($), h8:§($), hg =z x>, hm:i(x),

span a Lie-Hamilton algebra ., ~ sp(4,R) with respect to {-,-} .
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1
hy = 2%, hy = 2%2°, hs =zt hy = 2%2%,  hy = 5(1‘0)2,
0.2 L/ 2ye Lo1y2 1.3 L, 32
he = z"z*, h7:§(:1c), h8:§($), hg =z x>, hm:i(x),

span a Lie-Hamilton algebra ., ~ sp(4,R) with respect to {-,-} .

e Lie-Hamilton system on (R}, w) with t-dependent Hamiltonian
he=31 ba(t)ha.
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1
(x1)2, hg _ xlx?)’ th _ 5(‘%,3)21

span a Lie-Hamilton algebra ., ~ sp(4,R) with respect to {-,-} .
e Lie-Hamilton system on (R}, w) with t-dependent Hamiltonian
he=31 ba(t)ha.
e The contact Hamiltonian functions hy o 1= i*hy € COO(S?M]’MHS)
span a Lie-Hamilton algebra 7{,, =~ sp(4,R) with respect to {-, -}%.
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0e00

1
(x1)2, hg _ xlx?)’ th _ 5(‘%,3)21

span a Lie-Hamilton algebra ., ~ sp(4,R) with respect to {-,-} .
e Lie-Hamilton system on (R}, w) with t-dependent Hamiltonian
he=31 ba(t)ha.
e The contact Hamiltonian functions hy o 1= i*hy € COO(S?M]’MHS)
span a Lie-Hamilton algebra 7{,, =~ sp(4,R) with respect to {-, -}%.
e Contact Lie system on (S?m],nz,ns’n") associated to

he = S5 Do (t) hs
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and AdS*H! = §3 are Sasakian manifolds. This is,

e $3=8 [+, =+

3
[+]++
w=d(s’nk) ds @ ds + sge

define Kahler structures on the cones S x R, and AdS?*! x R,.
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[e]e] o]

and AdS*H! = §3 are Sasakian manifolds. This is,

e $3=8 [+, =+

3
[+]++
w=d(s’nk) ds @ ds + sge

define Kahler structures on the cones S x R, and AdS?*! x R,.

Proposition

Let (M,n,g) be a Sasakian manifold and K a Killing vector field. Then,
LK™ Is a first integral of R.
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[e]e] o]

and AdS*H! = §3 are Sasakian manifolds. This is,

3
[+]++
w=d(s’nk) ds @ ds + sge

define Kahler structures on the cones S x R, and AdS?*! x R,.

Proposition
Let (M,n,g) be a Sasakian manifold and K a Killing vector field. Then,
LK™ Is a first integral of R.

From this one can obtain contact Lie systems of Liouville type on S3 and
AdS*.
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Proposition

The contact Lie systems of Liouville type contained within the
sp(4,R)-contact Lie system h,, on S* and AdS?**! produce, through the
Hopf fibrations S® — S? and AdS*™! — CH!, the s0(3) and 14 ~ s((2,R)
Lie~Hamilton classes on S* and CH', respectively.
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e Invariant contact structures for the Cayley—Klein family.

3 D. V. Alekseevskii.
Contact homogeneous spaces.
Funct. Anal. Its Appl. 24 (1990) 324-325.
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oe

e Invariant contact structures for the Cayley—Klein family.

3 D. V. Alekseevskii.
Contact homogeneous spaces.
Funct. Anal. Its Appl. 24 (1990) 324-325.
e Deformations of s0(3, 1)-contact Lie systems on Si[”m] ra.ng rom the
nonstandard quantum Lorentz algebra.

ﬁ F. J. Herranz.
New time-type and space-type non-standard quantum algebras

and discrete symmetries.
J. Phys. A: Math. Gen 33 (2000) 8217.
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