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The Riccati equation on R:

dx
dt

= b0(t) + b1(t)x + b2(t)x2.

• In general, it cannot be solved by quadratures!

• If x(1) (t), . . . , x(4) (t) are four different particular solutions, their cross

ratio is constant:

(x(1) − x(4) ) (x(2) − x(3) )
(x(1) − x(2) ) (x(3) − x(4) )

= k .

• And even more important,

x(1) (t) =
x(4) (t) (x(2) (t) − x(3) (t)) + kx(2) (t) (x(4) (t) − x(3) (t))

(x(2) (t) − x(3) (t)) + k (x(4) (t) − x(3) (t))

is the generic solution.
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Geometric fundamentals

• Time-dependent vector field: X : R × M → TM such that

R × M TM

M

X

⇐⇒ {X t := X (t, ·)}t∈R ⊂ X(M)

• Associated system of ODEs:

dx
dt

= X (t, x)
• Superposition rule: Φ : Mℓ × M d M such that the generic solution

x (t) can be cast in the form

x (t) = Φ(x(1) (t), . . . , x(ℓ ) (t); k)

where x(1) (t), . . . , x(ℓ ) (t) is a generic family of particular solutions and

k ∈ M is a point related to the initial conditions.
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Lie systems

Definition (Lie system)

A Lie system on M is a time-dependent vector field X : R×M → TM taking

values in a finite-dimensional Lie algebra V ⊂ X(M) ({Xt}t∈R ⊂ V ). The Lie

algebra V is a so-called Vessiot–Guldberg Lie algebra associated with X .

Theorem (Lie)

X admits a superposition rule if and only if it is a Lie system.

Example (Riccati equation)

dx
dt

= b0(t) + b1x + b2(t)x2 { X = b0(t)
𝜕

𝜕x︸︷︷︸
X1

+b1(t) x
𝜕

𝜕x︸︷︷︸
X2

+b2(t) x2
𝜕

𝜕x︸︷︷︸
X3

,

V ≃ sl(2,R) : [X1, X2] = X1, [X1, X3] = 2X2, [X2, X3] = X3.
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Question (★)
Under which conditions the generic solution of a system X can be expressed

in terms of a generic family of particular solutions of (possibly different)

systems X(1) , . . . , X(ℓ ) and some constants related to the initial conditions?

Definition (Mixed superposition rule)

A mixed superposition rule for a system X on M in terms of systems X(i)
on Mi (1 ≤ i ≤ ℓ) is a map Φ : M1 × · · · × Mℓ × M d M through which (★)

holds.

Theorem (Grabowski, de Lucas)

X admits a mixed superposition rule if and only if it is a Lie system.

Example

• Inhomogeneous linear systems.

• Riccati hierarchy (in terms of homogeneous linear ODEs).
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{
mixed superposition rules

Φ : M × M1 × · · · × Mℓ d M

}
⇋

{
local inverses of

(pr
1̂
,Ψ)

}
,

where Ψ : M × M1 × · · · × Mℓ d M is a submersion such that

TΨ(Xt × X(1),t × · · · X(ℓ ),t) = 0, t ∈ R.
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Imprimitive VG Lie algebras

• V ⊂ X(M) is imprimitive if there exists a regular and integrable

distribution D ⊊ TM such that [V , Γ(D)] ⊂ Γ(D).
• Provided that M/D is a manifold and 𝜋 : M → M/D is a submersion,

0 V ∩ Γ(D) V 𝜋∗V 0

𝜋∗

Let now X be a Lie system such that V is a VG Lie algebra of it.

Theorem (C., Campoamor-Stursberg, de Lucas, Herranz)

(1) If V ∩ Γ(D) = 0, then X admits a mixed superposition rule depending
uniquely on particular solutions of 𝜋∗X.

(2) If V ∩ Γ(D) ≠ 0, then X admits a mixed superposition rule depending on
particular solutions of X and 𝜋∗X.
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Semi-direct sums

Let X be a Lie system possessing a VG Lie algebra V = V1 ⋉ V2. The part of
X taking values in V1 is the (unique) t-dependent vector field Y such that

Yt ∈ V1 and Xt − Yt ∈ V2 for all t ∈ R.

Proposition (C., Campoamor-Stursberg, de Lucas, Herranz)

X admits a mixed superposition rule depending on s particular solutions of X
and k particular solutions of Y , where s, k ≥ 1 are such that the V [k ]

1
and V [s]

2

possess a modular basis.
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Dirac geometry

Consider TM := TM ⊕M T∗M equipped with

• the symmetric pairing ⟨Xx + 𝛼x ,Yx + 𝛽x⟩+ := 1

2
(𝛼x (Yx ) + 𝛽x (Xx )), and

• the Dorfman bracket ⟦·, ·⟧ : Γ(TM) × Γ(TM) → Γ(TM) defined by

⟦X + 𝛼,Y + 𝛽⟧ := [X ,Y ] + LX𝛽 − 𝜄Yd𝛼.

Definition (Dirac manifold)

A Dirac manifold is a pair (M,L), where L ⊂ TM is a vector subbundle

such that:

• L is Lagrangian with respect to ⟨·, ·⟩+, and

• L is involutive with respect to ⟦·, ·⟧.

Example

𝜔 ∈ Ω2(M) and Π ∈ Γ(∧2TM) determine morphisms 𝜔♭ : TM → T∗M and

Π♯ : T∗M → TM. Their graphs L𝜔
and LΠ

are Dirac structures if and only if

d𝜔 = 0 and [Π,Π] = 0, respectively.

O. Carballal (UCM) Mixed superposition rules YRW’XX 13 / 25



Some relations (relative to standard inclusions)

Dirac

presymplectic
co-orientable

contact

Poisson

symplectic

Jacobi

with E ≠ 0
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Dynamics on Dirac manifolds

• f ∈ C∞(M) is L-admissible if there exists Xf ∈ X(M), a so-called

Hamiltonian vector field associated with f , such that Xf + df ∈ Γ(L).
• Adm(M,L) := {f ∈ C∞(M) : f is L-admissible} is a Poisson algebra:

{f , g}L := Xf g does not depend on Xf !

• If f1, . . . , fr ∈ Adm(M,L) and F ∈ C∞(Rr ) ⇒ F (f1, . . . , fr ) ∈ Adm(M,L).
• 𝜙 : g → Adm(M,L) morphism of Lie algebras. Its associated moment

map J𝜙 : M → g∗, defined by

⟨J𝜙 (x), v⟩ := 𝜙 (v) (x),

is such that its pull-back, J∗
𝜙
: C∞(g∗) → Adm(M,L), is a morphism of

Poisson algebras.
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Dirac–Lie systems

Definition

A Dirac–Lie system is a triple (M,L, X ), where (M,L) is a Dirac manifold

and X is a Lie system on M possessing a VG Lie algebra V consisting of

Hamiltonian vector fields relative to L.

• There exists a finite-dimensional Lie algebra H ⊂ Adm(M,L) such that

V =
{
Xf : f ∈ H

}
.

• Let g ≃ H and 𝜙 : g → Adm(M,L) a morphism of Lie algebras such

that 𝜙 (g) =H .

𝒞 ∈ C∞(g∗) Casimir function ⇒ J∗
𝜙
𝒞 first integral of X .

Remark

Mixed superposition rules can be constructed algorithmically by means of

of well-behaved Poisson coalgebras, moment maps, comodule Poisson

algebras and coactions.
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A time-dependent thermodynamical system

Thermodynamical phase space (R5, 𝜂Gibbs) with:

• extensive variables (U, S, 𝜈);
• intensive variables (T , P), and

• the Gibbs one-form

𝜂Gibbs := dU − TdS + Pd𝜈, (𝜂Gibbs ∧ (d𝜂Gibbs)2 ≠ 0).
Lie system X :=

∑
6

i=1
bi (t)Xi :

dU
dt

= −
(
b1(t) − b6(t)

)
U + b3(t)𝜈 + b5(t)S,

dS
dt

= b6(t)S,
d𝜈
dt

= b2(t)U +
(
b1(t) + b6(t)

)
𝜈 + b4(t)S,

dT
dt

= −b1(t)T + b2(t)TP + b4(t)P + b5(t),
dP
dt

= b2(t)P2 − 2b1(t)P − b3(t),
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where the vector fields

X1 := −U
𝜕

𝜕U
+ 𝜈

𝜕

𝜕𝜈
− T

𝜕

𝜕T
− 2P

𝜕

𝜕P
, X2 := U

𝜕

𝜕𝜈
+ TP

𝜕

𝜕T
+ P2

𝜕

𝜕P
,

X3 := 𝜈
𝜕

𝜕U
− 𝜕

𝜕P
, X4 := S

𝜕

𝜕𝜈
+ P

𝜕

𝜕T
,

X5 := S
𝜕

𝜕U
+ 𝜕

𝜕T
, X6 := U

𝜕

𝜕U
+ S

𝜕

𝜕S
+ 𝜈

𝜕

𝜕𝜈
.

span a VG Lie algebra V ≃ sl(2,R) ⋉ R3
.

• V ′ := ⟨X1, X3, X4, X5, X6⟩ ≃ b2 ⋉ R3
, and

X1 ∧ X3 ∧ X4 ∧ X4 ∧ X6 = −S2 (U + P𝜈 − ST )︸            ︷︷            ︸
Gibbs free energy

𝜕

𝜕U
∧ 𝜕

𝜕S
∧ 𝜕

𝜕𝜈
∧ 𝜕

𝜕T
∧ 𝜕

𝜕P
.

• Restrict to M := {S(U + P𝜈 − ST ) ≠ 0} ⊂ R5
.
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• Sym(V ′) ≃ b2 ⋉ R3
yields a dual co-frame {𝛼1, . . . , 𝛼5} on M

𝛼1 := − 1

U + P𝜈 − ST

(
dU − U + P𝜈

S
dS + Pd𝜈 − SdT + 𝜈dP

)
,

𝛼2 := −
(

S
U + P𝜈 − ST

)
2

dP, 𝛼3 :=

(
U + P𝜈 − ST

S2

) (𝜈
S
dS − d𝜈

)
,

𝛼4 :=
1

U + P𝜈 − ST
(−SdT + 𝜈dP), 𝛼5 := − 1

S
dS,

satisfying the Maurer–Cartan equations of b2 ⋉ R3
:

d𝛼2 = 2𝛼1∧𝛼2, d𝛼3 = −𝛼1∧𝛼3, d𝛼4 = 𝛼1∧𝛼4−𝛼2∧𝛼3, d𝛼1 = d𝛼5 = 0.

• Remarkably,

𝜂 := −𝛼1−𝛼4−𝛼5 =
1

U + P𝜈 − ST
𝜂Gibbs =

1

U + P𝜈 − ST
(dU−TdS+Pd𝜈)

is a contact form on M such that X is a Dirac–Lie system relative to
the presymplectic form d𝜂.
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Mixed superposition rule for the intensive system

T(1) (t ) =
1

S(1) (t )Θ(t )

[
k1k2

3

[
U(1) (t ) + P(2) (t )𝜈(1) (t )

]
− k3S(1) (t )

[
U(2) (t ) + P(2) (t )𝜈(2) (t )

]
+ k2

[
U(2) (t ) + P(2) (t )𝜈(2) (t ) − k3T(2) (t )

] [
U(2) (t )𝜈(1) (t ) − U(1) (t )𝜈(2) (t )

] ]
,

P(1) (t ) =
1

Θ(t )

[
k1k2

3
P(2) (t ) + k2U(2) (t )

[
U(2) (t ) + P(2) (t )𝜈(2) (t ) − k3T(2) (t )

] ]
,

where

Θ(t ) := k1k2

3
− k2𝜈(2) (t )

[
U(2) (t ) + P(2) (t )𝜈(2) (t ) − k3T(2) (t )

]
,

in terms of three constants k1, k2, k3 ∈ R and

• one particular solution

(
U(1) (t), S(1) (t), 𝜈 (1) (t)

)
of the extensive

system;

• one particular solution

(
U(2) , S(2) (t) = k3, 𝜈 (2) (t)

)
extensive system

with constant entropy, and

• one particular solution

(
T(2) (t), P(2) (t)

)
of the intensive system

associated with the Levi factor of V ≃ sl(2,R) ⋉ R3
:

dT
dt

= −b1(t)T + b2(t)TP,
dP
dt

= b2(t)P2 − 2b1(t)P − b3(t).
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Conclusions and further work

• The general solution of the Liouville equation uxy = eu
can be

expressed as

u(x, y) := log
2
¤f (x) ¤g(y)

(f (x) + g(y))2
.

• Darboux integrable PDEs admit these “mixed superposition rules”.

Some ideas:

• Characterise PDEs admitting “mixed superposition rules”, generalising

Lie Theorem and Darboux integrability.

In terms of...

• morphisms of Pfaffian fibrations / underlying relative algebroids

(Smilde and Fernandes, ’25).

• pseudogroups of symmetries and associated Lie algebra sheaves.
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